Some explorations about repeated roots

Reading a journal recently I was reminded again of a well know fact that  
[image: image45.png]PRDGRHN SGRT




 =or ≈1.618  .   
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I was curious about what other repeated iterated values would be, and so I casually tried 
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  and to my surprise the answer was exactly 2.  My interest aroused, I decided to try 3 and found that  
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 was approximately 2.303.  I wrote a short program for the Ti-83+  (at right)  to explore the iteration of square roots and found 

	Iterated value
	1
	2
	3
	4
	5
	6
	7

	Limit
	1.616
	2
	2.303
	2.562
	2.791
	3
	3.193


Putting down the calculator I went to the board and quickly figured out that for any value of a, the repeated iterated roots would lead to 
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  by the following:

Let 
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  then by squaring both sides we get 
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   . but the right side was just x+N, so that 

N2 = a + N       or    N2-N-a = 0 ;  a simple quadratic in the variable N… The solution was N=  
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 and I now had a quick value for any real value of a.   

This led me to consider why the iterates of 2 and 6 produced rational values, and  I realized rather quickly (for me) that the sequence of values 2, 6, 12, 20, 30….  etc. would produce exact integers since those were the numbers for which 4a+1 was a perfect square, that is, values in the sequence n(n+1) .  These are called “pronic”  or “oblong” numbers, since they are formed by the product of two consecutive integers. 

One of the first things that I realized that seemed counter intuitive was that no matter how small a positive number was used, the final value would be greater than 1.  It was evident from the equation above for 
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 .    Using ½ as the iterant, for example, led to
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  or appx. 1.366.  Examining the domain of 
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, I realized that some small negative numbers could also be used.  Looking at the graph of y=
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 quickly confirmed that any value  a > - ¼  would produce a real value for the fixed point of the iteration and the results would be in the range y> ½ .

I realized that by working backwards, I could find an iterant to produce any end value greater than 1/2.  For example to get 3/2 as the final value, I simply set 3/2 =
[image: image12.wmf]2

1

4

1

+

+

a

  and solve to get ¾.   So 
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Three questions came to mind next.  What happens if we put a sequence in rather than a constant, say 
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 *(see addendum) for example, or their squares, or ??? so many choices.  What happens if we put in real values outside the domain that produced real values in the range?  Complex numbers I assumed, but was there something there to explore?  That question immediately led to what would happen if we took the iterated square roots of complex numbers in general.  With three questions to pursue I set out….

For the sequence>>>>>>

So far  I have decided that 
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  leads to N<2  (about 1.7579).  How to prove?  I began with the simple conjecture and asked where it would lead
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.  By squaring each side we get 
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  and subtracting the one from both sides gives
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  At this point I hacked around a lot trying to prove something, but realized that I needed to repeat the above two steps, so I squared both sides again and subtracted the two to get 
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, and then I did something really clever; I divided both sides by two.
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  because I realized that ½  is the square root of ¼  so I could distribute ¼ inside the parenthesis to get :
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  and repeating this with ¼ on the next parenthesis etc. gives 
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  and the terms under the radicals became very small.  More specifically, after the 4/16 term, the terms were all less than 5/256 < 1/32.  Students always ask why this would help… but if we know that all the terms after the term with five in a numerator are smaller than 1/32, then we can show that 
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  and we can find an exact value for the iterations on the left side.  Using 
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 with a = 1/16  we get 
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.  Now we could use that in place of the right side since it was greater, and get 
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  and the right hand side was a finite expression, so I could evaluate it and get a definite number.  That number turns out to be about 1.37, but certainly less than 7/2, and thus completing the original desired proof that 
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Pressed by my calculus class, I worked backward through the above to find an estimate for the sequence smaller than two.  Replacing the 2 originally used as a max with N 
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 and proceeding as above we would come to 
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 EMBED Equation.3  [image: image32.wmf]  
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so …. N < 1.784  which is within a  couple of hundredths of what I think the actual value is, about 1.7579..  (If anyone has an approach to determine this exactly, please advise.)

-------------------------------------------

What about the iteration of reals < -1/4?  After a little exploration I felt a little foolish not to have realized that the answer was obvious when we look at 
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.  If the a<-1/4, then the value in the square root will be negative, and our final limiting value will be a complex number with a real part of ½, and the imaginary part will be 
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 .  For example –1 will give 
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The presence of ½ reminded me of the Riemann hypothesis that all nontrivial zeros of the Zeta functions are on the line in the complex plane with a real coefficient of 1/2. A quote might explain, (from wikipedia, I think) ” When studying the distribution of prime numbers Riemann extended Euler's zeta function (defined just for s with real part greater than one) 
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to the entire complex plane (sans simple pole at s = 1).  Riemann noted that his zeta function had trivial zeros at -2, -4, -6, ... and that all nontrivial zeros he could calculate were symmetric about the line Re(s) = 1/2.”

--------------------------------------------------------

Finally I wondered what would happen with complex numbers as the iterant. This led to the problem of which square root should we use as there are two of  of them.  (i for example has a square root of 
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, the first in the first quadrant at 45o and the second in the third quadrant at 225o).  

I decided for convenience to follow the convention of my calculator in using the root with an angle closest to 0o.  This meant that the roots of complex numbers in the third and fourth quadrant would just be the reflection of roots in the first and second quadrant, and I could study only the first two quadrants.  

This was a little (ok, a lot) unsatisfying, since it reduced back to the previous solutions.  I kept wondering back to whether using the secondary root of the third and fourth quadrants might lead to real values in that missing 0 to ½ range; but more on that later if time permits. Using primitive roots, I could simply use the 
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 formula to find the final orbit of a complex number.  

Addendum:  Several years after I wrote this paper, Dave Renfro sent me a copy of a couple of journal articles about related ideas.  One was a 1935 paper from the American Mathematical Monthly by Aaron Herschfeld of Columbia University.  In it he points out that Professor Edward Kasner (famous for his part in the invention of the term googol) had frequently suggested the investigation of nested radicals to his classes over a twenty-five year period at Columbia.  Hershfeld referred to a number like :
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as a right infinite radical, and if the order is reversed, a left infinite radical.  I assume that means the numbers were in an increasing sequence, but that was not stated.  In particular, he called the number 
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 the Kasner number.  He comes to the approximation N= 1.757933… I checked the The On-Line Encyclopedia of Integer Sequences!  and they showed no closed form, but gave the approximation of 1.757932756618004532708819638218138527653
What happens when we iterate roots of the sequence of squares (less than two??)  or the sequence formed by some arithmetic or geometric sequence?  More to come

I decided next to explore the iterated roots of the sequence of squares of the integers,  
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 A little calculator exploration led me to believe the value must be very close to 2, but how to prove.  

I revisited the idea of using 2 as a limit and expanding a few terms…

Beginning with 
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 we square and simplify a couple of times to get 

It turns out to be about 1.94265542276398732822141329141266723768807363... 
I should also point out that nested radicals can be used to compute pi, as shown in this clip from Wolfram’s Mathworld page.
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It isn’t a nested radical, but I saw this expansion of e on the same page, and thought it was particularly cute…[image: image44.png]e=trie (I (1a H (14 Law L)),



  They did however use it to make a nested radical involving e, check it out on line if you are interested.  
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